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Turbulent Transport Properties for Axisymmetric
Heterogeneous Mixing

VICTOR ZAKKAY,* EGON KRAUSE,| AND STEPHEN D. L. Woof
Polytechnic Institute of Brooklyn, Freeport, N. Y.

An experimental investigation of the turbulent mixing of two dissimilar gases is presented.
This investigation was carried out in the mixing region of two coaxial jets to determine the
turbulent transport coefficients for hydrogen-, helium-, and argon-air mixtures. The differ-
ent gases were injected from the inner jet at either subsonic or supersonic speeds into an air
stream maintained at a constant Mach number Me = 1.6. The basic differential equations
describing the mean flow properties are solved for the transport coefficients. The convective
derivatives that are needed in the solution of the equations are determined from the velocity
and concentration profiles measured in the experiments. Values of the eddy viscosity, turbu-
lent diffusion coefficient, and Lewis number were evaluated in this manner and the eddy
viscosity so obtained is then compared with existing formulations. A new formulation for
the eddy viscosity is then given whereby existing theories may still be used in analyzing the
mixing process. Finally, the influence of the form of the velocity and concentration profiles
on the transport properties is discussed. Similarity parameters developed for the flow region
downstream from the potential core are shown to be valid in both axial and radial directions
for various injected gases.

Nomenclature

A, B = constants defined in Eq. (21)
Dt = turbulent diffusion coefficient
Du = laminar binary diffusion coefficient
hi = static enthalpy of species i
H = stagnation enthalpy
k = parameter defined in Eq. (22)
kt = turbulent thermal conductivity
Let = turbulent Lewis number = pDtcp/kt
m = parameter defined in Eq. (22)
M = Mach number
n = parameter describing the decay of the centerline of the

jet
p = pressure
P = F2 or 1 - U/l - U3
Pt — turbulent Prandtl number = ntcp/kt
P* = Y2/Y$_ or 1 - U/l - C/t
r = radial coordinate
TQ = radius of the jet
r,x = normalized coordinate with respect to the radius of the

jet
Ree = Reynolds number per inch of the outer jet
Set = turbulent Schmidt number = Pt/Let
u, v = velocity components in x and r directions, respectively
u = normalized velocity component with respect to u,
U = U/Ue

x = axial coordinate
XQ = length of the potential core
x = X/XQ
F» = mass fraction of species i
FI = mass fraction of C>2
F2 = mass fraction of injected gas
F3 = mass fraction of N2
e = eddy viscosity
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= constant defined in Eq. (28)

= turbulent viscosity = pe
= transformed axial coordinate
= density
— normalized density with respect to pi
= stream function

Subscripts
<L = centerline
3 = Jet

e
t

= external stream
turbulent

1. Introduction

THE problem of the turbulent free mixing of two coaxial
gas streams has received considerable attention during

recent years. One of the main difficulties in the analysis of
turbulent mixing processes stems from the lack of information
about the dependence of the turbulent transport coefficients
on the flow properties. Therefore, it is the purpose of this
paper to determine experimentally some of these transport
properties.

Forstall and Shapiro1 have treated this problem for incom-
pressible flow by using the analysis of Ref. 2. The authors
concluded that, for the flow fields investigated, mass diffusion
was more rapid than momentum diffusion. Furthermore,
the turbulent Prt and Sct numbers were found to be almost
constant throughout the whole mixing region, being ap-
proximately equal to 0.70.

Recently several new methods of analysis have been de-
veloped for treating the problem of turbulent jets. The
principles of these methods are discussed in Ref. 3, and the
details may be found in Refs. 4-10. Of particular interest
for the present analysis are Refs. 4 and 5. There, an analyti-
cal solution was presented for Prt, Sct, and Let equal or close
to unity, such that the momentum, species, and energy
equations could be related to each other. Also, in Ref. 5,
semiempirical equations were derived in order to determine
the eddy viscosity, Sct and Prt numbers, along the center-
line. Since this technique was established on the assump-
tion that Sct and Prt numbers are close to unity, it has not
been shown yet whether the solution can be extended to
flows where Prt and Sct numbers differ markedly from one.
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This was the case for H2-air mixtures investigated in Ref. 11,
where apparent Sct numbers were evaluated along the center-
line using the method of Ref. 5 and were shown to be of the
order of 2 and higher. It was also demonstrated in Ref. 11
that Sct numbers different from unity have only a negligible
influence on the development of the radial profiles. How-
ever, as pointed out in Ref. 3, the value of the Sc number may
remarkably influence the form of the centerline decay for
laminar flows, and it is therefore believed that a similar
behavior might be observed in turbulent flows.

In connection with the last point mentioned, it is noted
that Prandtl's formulation for the eddy viscosity is not valid
any more in flows where large density gradients occur, as in
the supersonic mixing process of hydrogen and air. This was
shown in Ref. 12. Based on various assumptions, several new
formulations for the eddy viscosity have been given, among
others, Refs. 3, 11, and 12. In some cases11 the analytically
determined decay compares with the experimental data;
however, the validity of these formulations has not been
shown in general.

Therefore, a different approach to the problem is taken in
the present analysis. The momentum, conservation of spe-
cies, and energy equations are solved for the turbulent vis-
cosity vt, the turbulent diffusion coefficient Dt, and the tur-
bulent Let number. The resulting equations are integral
differential equations that can be solved when the mass con-
centration, velocity, density, and stagnation enthalpy pro-
files are known. A similar analysis was made in Ref. 18.
Therein the turbulent mass diffusion coefficient Dt was deter-
mined along the centerline of a wake produced by a two-
dimensional porous cylinder. Helium and argon were in-
jected through the porous surface into the surrounding air
stream.

Experiments were conducted at the Polytechnic Institute
of Brooklyn Aerodynamic Laboratory (PIBAL) facility for
the purpose of obtaining information in the mixing region
of two dissimilar gases. The apparatus consisted of two
coaxial jets, the center one being either subsonic or supersonic,
while supersonic flow (M9 = 1.6) was maintained in the outer
jet. In order to study the influence of various injected gases
on the transport properties, hydrogen, helium, argon, and
carbon dioxide§ were used in the central jet of the apparatus.
Measurements of mass concentrations and velocity were taken
in the mixing region of the two gases for various initial condi-
tions. Finally, similarity parameters are derived system-
atically from Ref. 5.

2. Theoretical Analysis

General Equations

The governing equations for the coaxial turbulent mixing
of two dissimilar gases have been given in Refs. 4, 5, 12, and
13. In these, it is assumed that the mean turbulent flow
quantities are described by the equations for laminar flow
if the transport coefficients replace their molecular counter-
parts:

Conservation of Mass

(1)
Conservation of Momentum

pu 5w 5w 1 5 /— + pz; — = - — I per5z 5r r 5r \ 5r (2)

Conservation of Energy
5# , 5# I d fpe 5#

V = - - r -
(Pt -

(I^i-
Pt per £ ^V' * = 1,2... AT (3)

Conservation of Species

57, 57, 15 fpe 57A .pu ^-— + pv -—- = - — I — r —— + Wi (4)dx 5r r 5r \Sct 5r /
Since, in the present analysis, only flows without chemical
reaction are considered, the rate of formation of species i is
equal to zero, i.e., w* = 0.

It was shown in Ref. 13 that large pressure variations may
occur in supersonic jet flows close to the jet. Therefore, the
preceding equations would not give a true description of the
variation of the flow properties in the immediate region of
the jet, and the present analysis will be restricted to the re-
gion further downstream where the static pressure distribu-
tion is uniform, within experimental accuracy.

Solutions to the preceding equations may be obtained pro-
vided some assumptions are made concerning the transport
coefficients. In this analysis, the reverse approach will be
taken: the conservation equations will be used as defining
equations for the transport properties. The flow quantities
and their derivatives appearing in these equations will be
obtained by experiments. The turbulent transport proper-
ties to be determined are the turbulent viscosity /z(, the tur-
bulent diffusion coefficient Dt of the mixture, and the turbu-
lent Prf, Leh and Sct numbers. They are related to each
other14"16:

Pt = LetSct (5)
After integration of Eqs. (1, 2, and 4) with respect to r,

the following integral differential equations are obtained:
For the turbulent viscosity jjit = pe,

pe = x (puf)r'dr> + ptw] [r ̂ ]'
For the turbulent diffusion coefficient Dt)

pDt = dz

(6)

(7)

where 72 is the mass fraction of the injected gas. Equations
(6) and (7) are identical if the mass fraction of the injected
gas 72 is replaced by u, and Dt is exchanged with e.

The turbulent Lewis number can be expressed through the
energy equation as
Let =

(8)
1 f f r 5 / rn M /I- L ;r- (puH}r'drr

pr [J ° dx J
uvH - V5r 5r

Furthermore, the turbulent Schmidt number, by definition,
is equal to the ratio of the eddy viscosity e and the diffusion
coefficient Dt:

Sct = [/.'i
1 —pV *T J 5r

(9)

and the expression for the turbulent Prandtl number follows
from Eqs. (5) and (9).

The values of the transport coefficients along the centerline
are obtained by substituting the integrated conservation of
mass equation [Eq. (1) ] :

v = - - I * — (pu)r'drf

prJo dx

§ The CO2 measurements were taken from Ref. 11.

pr

for v, and evaluating the limit of Eqs. (6-8) for r approaching
zero. There result

rhmpe =
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lim;
r-^O

I i ==1
• = 3 x

^ I*- _

(11)

(12)

(13)

The solution of Eqs. (6-13) requires measurements of the
following four flow properties throughout the flow field:
1) the mass concentration of the injected gas F2; 2) the
static pressure distribution; 3) the stagnation pressure dis-
tribution; and 4) the stagnation temperature.

3. Correlation Parameters for Similar Profiles

It is necessary to determine all flow properties and their
derivatives appearing in Eqs. (6-13) from the four measure-
ments indicated previously. A considerable simplification
in the correlation of the experimental data and a more accurate
determination of the derivatives can be achieved if the flow
in the mixing region exhibits similarity behavior, i.e., all
measured profiles can be correlated into one single profile
in terms of a suitable parameter. Therefore, it is desirable
to investigate the governing parameters in the mixing region
first. For this purpose, the asymptotic solution for the
compressible turbulent jet with Prt and Let equal to unity4-5

will be discussed. The solution was established by applying
the von Mises transformation to the conservation equations
(1-4) and linearizing the equations in the transformed plane.
The solution to the linearized equations is then given in terms
of the so-called offset circular probability function P as tabu-
lated in Ref. 17. Following the notation of Ref. 5, let P de-
note either Y% or (1 — u/ue)/(l — Uj/Ue). The centerline
decay in the transformed plane is given by

(14)

where
to 21'2.

which gives for x

,- is the stream function of the inner jet, and is equal
The transformation equations are

rz = I —
pu o ?- (15)

where A is a constant. If f —*• oo; the normalized P function
P* = P/P&_ approaches the Gaussian distribution17

P* = (16)
since for £ -*• oo, p ->• pe and u -* ue, the first of Eqs. (15) re-
duces to ^2 = 2f2/A, where X is the mass flux ratio of the
inner to the outer jet. Hence, Eq. (16) becomes

P* = exp[-f2/2X£] (17)
Assuming that the centerline decay in the physical plane can
be expressed by a law of the form P$_ = x~n, Eq. (17) reduces
by means of Eq. (14) to

P* = (1 - £-n (18)
Thus, the asymptotic correlation parameter for the normalized
profiles P* is the expression (1 — x~n}?2^, since P* remains
constant as long as the right-hand side of Eq. (18) is constant
for any combination of x, f, and X.

It is also interesting to investigate the asymptotic spread
of the jet. Consider now P* and x as the independent vari-
ables and f as the dependent variable. If Eq. (18) is solved
for f and differentiated with respect to x, there is obtained

n [-ln(l - a-")
2 x(x* - 1) (19)

l i m £ - ( - J
~__ oo OX

(20)

For the case when the power n, describing the centerline
decay, is equal to 2, df/ox for large values of x is equal to
( — X lnP*)1/2, and f is then directly proportional to x. This
result is in agreement with the analysis of Ref. 3. Equations
(19) and (20) also indicate that df/dx is proportional to the
square root of the mass flux ratio X. Thus, the spreading
angle of the jet increases when the mass flux of the inner jet
is increased with respect to the outer one.

Equations (16-20) are valid for large values of x only, and
the experimentally determined profiles P* in the mixing re-
gion may therefore be approximated by an exponential series
of the form

P* = expl-Af2 - B f * . . . ] (21)
In order to correlate the measurements directly without using
the integral relations for the transformed coordinates, Eq.
(21) is written in terms of the physical coordinate f. It is
therefore desirable to introduce \f/ and f as given by Eq. (15)
in a simplified form such as

^ ~ f/X* £ ~ £~ (22)

It follows from Eq. (16) that Eq. (21) can be written as

f w* 6f4 1
= expL~ x^s - x^t • • -J (23)

where a, b . . . , and k and m are constants for each gas con-
sidered. Thus, if only the two terms f2 and f4 are retained,
Eq. (23) can be solved for f:

Inf = iln{-i(o/6) + [i(a2/62) - 1/6 InP*]1/2} +
k InX + m lax (24)

and, with a similar change of variables as in Eq. (19), there
is obtained for constant values of P*

o Inf x of
-̂r—_ = r;- = mo mx r ox

d Inf X df
dlnX = f dX

(25)

The powers m and k, describing the spread of the jet as a
function of x and the initial conditions X, can be determined
from the experiments without knowing the coefficients a
and 6. Lines of constant P* are plotted as Inf = /(mx),
the inclination of which is then identical with m. Provided
the profiles are similar, k may be evaluated in a similar man-
ner.

When a, k, and m are known, the solution of the equations
determining the transport coefficients along the centerline
can be obtained readily. With the assumption that P^_ =
x~n, the profiles can be described as

= x~n exp — (26)

where x is normalized by the initial length x0, the length of
potential core.

The solution of Eqs. (10) and (11) for e and Dt maj^ now
be obtained using the assumed profile given in Eq. (26):

(27)4ax0

The constants a, k, m, and n may have different values de-
pending on whether momentum diffusion or mass diffusion
is considered. For convenience let

K = ri\ZkrQ
2ue/4:axo (28)
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QUIESCENT ATMOSPHERE

/- EDGE OF I ST. MIXING BOUNDARY

Fig. 1 Schematic of apparatus.

and KU may describe its value corresponding to the momen-
tum diffusion and xYz its value for the mass diffusion; simi-
larly, let mu and mYz, and nu and nY2 describe the spread and
decay of the velocity and concentration profiles. Then,
Eqs. (27) can be written as

e = xuU$_

Dt =

I _
T

_ u+\ (i-2mu)/nu

(29)

For the case that mu or mYz = ^, the dependence of e and Dt
on [(1 — C/\)/(l — Uj)] and F2<£_ vanishes, and both the eddy
viscosity and the diffusion coefficients are described by the
constant x times the centerline velocity.

It is also possible to express the eddy viscosity e and the
turbulent diffusion coefficient Dt in terms of the half boundary
fi/2. By definition, fi/2 is evaluated where P* in Eq. (23) is
equal to 0.5. If only one term in Eq. (23) is retained, it
follows from Eq. (24) that

In0.5\1/2 ,
—— J \kxm

Then, e becomes, through Eqs. (10, 26, and 30),

(30)

If Eq. (30) is compared with the integrated form of Eq.
(20), it is seen that asymptotically & = J, a = 1, m = n/2,
and n = 2. Further, as the experimental results will show,
XQ/TQ can be expressed by an equation of the.form

(32)

(33)

(34)

0?0 =

and e as given by Eq. (31) reduces to

€ =

where

Equation (33) gives the asymptotic value of the eddy vis-
cosity. It clearly shows that e is proportional to the product
of the half radius and the centerline velocity and has the
same form as Prandtl's formulation in the problem of a jet
exhausting into a quiescent atmosphere. Thus it is shown
that this law holds true in the mixing process of two coaxial
jets with different velocities. For the case of two jets having
the same initial velocity, no momentum diffusion can take
place, and e is zero. This result is implied in Eq. (31) since
the factor n, describing the decay along the centerline, is
equal to zero.

It also follows from Eq. (31) that e must not necessarily
be a linear function of fi/2. For example, if ra is equal to 0.5,
the dependence on f1/2 vanishes, and e is only proportional to
the centerline velocity.

An expression for the turbulent diffusion coefficient in
terms of the half radius and the centerline velocity may be
obtained in like manner. For this case, the constant K2
[Eq. (34)] has a different value, and the asymptotic value
of the turbulent diffusion coefficient may be written as

Dt = (35)

The turbulent Schmidt number may be calculated either
from Eqs. (29) or from Eqs. (33) and (35), which reduce to

Sct = xu/xYz or Sct = (36)

for identical concentration and velocity profiles.
This is the result obtained in Ref. 1 for incompressible

flows where it was pointed out that, for identical concentra-
tion and velocity profiles, the turbulent Schmidt number is
independent of the external velocity and given by the ratio
of two constants. The Lewis and Prandtl numbers can then
be determined from Eqs. (13) and (5) using the derivatives
for the velocity and concentration profiles evaluated from
Eqs. (26). However, it is more advantageous to insert the
numerical values of the derivatives in Eq. (13), since the
complexity of the equation does not permit one to obtain a
convenient form for the solution.

It cannot be expected that Eqs. (6) and (7) can be put into
such simple forms as Eqs. (10) and (11). The main diffi-
culty arises from the terms dp/dz and p appearing on the
right-hand side of Eqs. (6) and (7). Therefore, only numeri-
cal results of Eq. (6) will be given in Sec. 5.

4. Experimental Apparatus and Test
Conditions

The experiments presented here were conducted in the
hypersonic facility of the Polytechnic Institute of Brooklyn.
The apparatus consisted of two coaxial jets, the center one
being either subsonic or supersonic. Two different nozzles
with discharge diameter of 0.3 and 0.6 in. were used for the
inner jet in order to detect whether the flow in the mixing
region was affected by the development of the boundary
layer on the walls of the inner jet. The outer jet had a test
section diameter of 3.44 in. and was maintained at supersonic
speeds.

The arrangement of the test apparatus is shown in Fig. 1.
Both jets exhausted into a 12-in.-diam tube such that the
mixing process took place in an open jet region, and the in-
fluence of the walls was eliminated.

The measurements were taken in a region between the
end of the potential core and the point where the edges of the
first and the second mixing boundary intersected; therefore,
the disturbances originated by the edge of the first mixing
boundary did not affect the measurements. The concentra-
tion of the injected gas was measured by means of a thermal
conductivity cell. This method was successfully used in
Refs. 11, 13, and 18, and furnished accurate measurements
since the ratio of the thermal conductivity of the various
injected gases to that of air was sufficiently large. The cell
was accurately calibrated with known samples of gas mix-
tures, and the output of the bridge was read in millivolts. A
calibration chart was constructed in order to convert the
millivolt output of the cell into concentration for each of the
gases. The samples were extracted by means of a sharp coni-
cal orifice, 0.012 in. in diameter, and expanded immediately
into a 0.065-in. tube. This in turn was led to a solenoid valve
and then into a sample bottle. Prior to testing, the whole
system was evacuated into the micron range. During the
test, the solenoid valve was opened when steady flow condi-
tions prevailed, and closed after a few seconds. The sample
was then analyzed after the test.

The mass flow of the injected gas was measured by a ven-
turi located upstream from the inner jet. Test durations
of the order of one minute provided adequate time for taking
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Table 1 Test conditions for the hydrogen, helium, and
argon experiments

Test
series

(Ref. 13)
I

II

Jet
gas

H2

H2

He

He

A

A

TSe, T,,;
°R °R

1350 520
1500 600
520 520

Test
series

(Ref. 13)

I
II

I

II

I

II

P*e,
psi

50
50
46

X

0.022
0.052
0.094
0.140
0.107
0.047
0.072
0.124
0.154
0.288
0.103
0.185
0.497
1.07
1.86
2.97
0.590
0.790
0.976

Me

1.55
1.60
1.60

Uj/Ue

0.20
0.42
0.76
1.14
0.768
1.455
1.690
2.42
0.456
1.10
1.10
1.673
0.181
0.310
0.433
0.515
0.531
0.564
0.617

D.} Dg)

in. in.

0.60 3.44
0.30 3.44
0.30 3.44

M,

0.110
0.235
0.425
0.645
0.430
0.510
0.600
0.890
0.330
0.870
0.510
0.819
0.420
0.770
1.17
1.605
0.822
0.886
0.996

pictures, samples, and measurements of pressure and stagna-
tion temperature.

The static pressure for all tests was maintained at 13 psia.
The Reynolds number per inch of the outer jet was varied
from 7.3 X 104 to 1.2 X 106 by changing the stagnation tem-
perature. The Mach number of the outer jet was main-
tained approximately at 1.6. Hydrogen, helium, and argon
were used as the injected gas in the present series. All test
conditions are given in Table 1.

5. Discussion of Experimental and Theoretical
Results

In this section, the experimental results of the various test
series will be discussed first. Thereafter, similarity param-
eters and equations developed in Sees. 2 and 3 will be applied
to them in order to evaluate the transport properties.

It was pointed out in Ref. 13 for the first time that the
centerline decay of the mass concentration for hydrogen is
proportional to x~2. Subsequently, additional experimental
information has been obtained for argon, hydrogen, helium,
and carbon dioxide. Some of these data were already in-
cluded in Refs. 3 and 11. In Refs. 3 and 13, the centerline
decay of the mass concentration was plotted in parametric
form for different mass flux ratios vs x. All these measure-
ments can be correlated into a single curve if the mass con-
centration is plotted vs x} where x is defined as the ratio of the
distance from the jet discharge to the initial length, i.e., the
length of the potential core.

Figure 2 presents the experimental centerline decay of the
mass concentration so correlated for the four injected gases
H2, C02, A, and He. The data presented comprise the re-
sults for 25 different test conditions and are compared to a
decay corresponding to x~2. It is clearly seen that the meas-
urements agree well with this law, and the following is there-
fore concluded:

1) The form of the centerline decay is not affected by the
molecular weight of the injected gas.

2) The centerline decay for the test conditions investigated
here and for Refs. 11 and 13 is not the same as for low-speed
flows. In Ref. 1 it was shown that for low-speed flows the
mass concentration decays proportionally to x~l.

Fig. 2 Mass concen-
tration of the in-
jected gas at the
centerline in the
mixing region of the

jet.
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It was stated in Ref. 13 that the boundary layer on the
inner jet may influence the mixing process. However, since
the form of the decay remained the same for the whole range
of Reynolds numbers investigated and for all nozzle configu-
rations, the following can be concluded:

3) The form of the centerline decay is not affected by the
boundary layer on the inner jet.

It now remains to define and explain the length of the po-
tential core x0. In this case, x0 will be defined as the axial
distance from the jet discharge to where the mass concen-
tration of the injected gas is 99%, and may then be easily
determined by plotting the centerline concentration on
logarithmic paper. Since a distinct centerline decay was
observed experimentally downstream from the potential
core, the value of XQ was determined by extending the line
representing the centerline variation to the line of 100%
concentration.

In Fig. 3, the initial length so obtained is plotted in the
form XQ/TQ = x0 vs the mass flux ratio X. The dependence
of x0 on X was previously suggested in Ref. 13, and it is seen
that a good correlation is obtained for the present data. In
a first approximation, this dependence could be represented
by an equation of the form x0 ^ 22(X)1/2. Although the
form of the centerline decay was not affected by the develop-
ment of the boundary layer on the inner jet, such influence
is noticed for the variation of the initial length XQ with X.
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Fig. 3 Length of the potential core for the mass concen-
tration decay as a function of the mass flux ratio X =

pjUj/peUe.
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JCWŝ J! 97 -^
D 0.4 0.8 1.2 1.6 2.0 2.4 ' 2.8 ^ 3.2 3.

Fig. 4 Correlated radial mass concentration profiles for
hydrogen.

When the mass flux inside the boundary layer is of the same
order as that of the injected gas, the initiation of the mixing
process is advanced and starts close to the jet discharge, re-
sulting in a decrease of the initial length. This is the case
for the data of Ref. 11. There, the mass flux inside the
boundary layer was considerably larger than the one in the
present test series, and the initial length is about 40% shorter.
A similar behavior is noted for the data of Ref. 13: As A
decreases, the influence of the boundary layer becomes more
significant and the data deviate from the general trend.
Further investigation with respect to the near field of the jet
is necessary for a more detailed understanding of the mixing
process in this region. Some results pertaining to the near
zone were already obtained in Ref. 19.

To investigate the similarity of the radial concentration
profiles, Eqs. (25) were applied to the experimental data.
The correlation of the normalized profiles in terms of f/
\kY*xmY* is shown for H2 and A in Figs. 4 and 5. It is clearly
seen that the profiles exhibit similarity behavior. (For the
sake of brevity, only these two profiles have been included.
The detailed analysis of the radial profiles for all test series
is given in Ref. 22.)

The procedure as outlined previously was also used for
the analysis of the velocity profiles in the different flow fields.
However, the experimental velocity profiles were not as
accurate as the concentration profiles since the determination
of the velocity required the measurements of concentration,
static, stagnation pressure, and stagnation temperature, re-
sulting in a considerable accumulation of errors in several
test series, especially in the H2 series. Figure 6 presents the
centerline velocity decay for H2 (series II) and for A (series
II). The other cases are not reported here since either the
initial velocity ratio was close to one, such that no decay
could be observed, or the quantity |l — LfyJ/ll — Uj\ was
less than 0.1. The velocity decay along the centerline varied
between x~l and x~2 and did not exhibit a unique form in
contrast to the concentration decay. Another difficulty is
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Fig. 6 Velocity de-
cay at the centerline
in the mixing region

of the jet.

encountered in the determination of the length of the poten-
tial core for the velocity due to large pressure variations in
the near field of the jet.13

Figure 7 presents the radial velocity profiles for A (series
II) as a function of the correlation parameter f/\kuxmu, and
the similarity of the velocity profiles is clearly indicated.

With these profiles, the transport properties can now be
determined. Figure 8 presents the diffusion coefficients at
the centerline as a function of the mass concentration. The
values obtained vary between 0.3 and 0.7 ft2/sec, indicating
that the dependence on the concentration is very small.
Figure 8 also includes the measurements of Ref. 18. These
measurements were obtained in the wake of a two-dimensional
porous cylinder. Helium and argon were injected normal to
the surface of the cylinder, and the diffusion coefficient was
calculated from the concentration and velocity measure-
ments. It is interesting to note that the present measure-
ments differ from those of Ref. 18 only by a factor of 2-6, in
spite of the fact that the latter were obtained at a much
lower pressure level. This indicates that the turbulent dif-
fusion coefficient does not strongly depend on the pressure
level as in the case of laminar flows. It is also concluded
from the present experimental data and those of Ref. 18 that
turbulent diffusion is almost independent of the molecular
weight of the injected gas, since no distinct trend could be
observed for H2, He, or A. It is also indicated here that the
turbulent diffusion coefficients are about 103 times larger than
the laminar values which range from 10 ~4 to 7 X 10 ~3 ft2/sec
for the given test conditions.20

Figure 9 shows the turbulent viscosity pe at the centerline
evaluated from Eqs. (10) and (29). The data vary between
3 X 10~4 and 3 X 10~3 lb-sec/ft2, and the scattering is
mainly due to the different centerline decay of the velocity
obtained in the experiments.

In Sec. 3 it was shown that the eddy viscosity and the
turbulent diffusion coefficient were proportional to the prod-
uct of the half boundary and the centerline velocity. This
result was based on the case in which the centerline decay
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Fig. 5 Correlated radial mass concentration profiles for
argon. Fig. 7 Correlated radial velocity profiles for argon.
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of the velocity parameter (1 — u$_/ue)/(l — Uj/ue) and the
mass concentration (F2^_) was proportional to x~2. To check
the validity of these formulations, the solution of Ref. 4 was
used to determine the flow properties for the case of Bt, A =
0.072, where the experimental decay for both concentration
and velocity was equal to x~2.^ The application of the solu-
tion of Ref. 4 was justified since the experimentally deter-
mined Sct number was close to unity. After obtaining the
solution in the \l/} % plane and specifying the form of the eddy
viscosity or turbulent diffusion coefficient, the transforma-
tion to the physical plane can then be made through Eqs.
(15), and the centerline decay can be determined. This
procedure provides a check of the formulations for the eddy
viscosity Eq. (33), the turbulent diffusion coefficient Eq.
(35), and also a means for comparison with other existing
formulations. For this purpose, the following formulations
were applied to the solution of Ref. 4:

Prandtrs original formulation, hereafter referred to as
formulation (A), is

e = 0.025 tWi/2|l -

the formulation in Ref. 12 is

(A)

pe = 0.025 W0fi/2|pe — Pt^tl (B)
the one given in Eq. (33) of the present analysis is

e = 0.011 uer0f1/2Ut_ (C)

and the one for the turbulent diffusion coefficient Eq. (35) is

Dt = 0.028
The comparison of the results is shown in Fig. 10. It is
clearly seen that formulations (A) and (B) give an incorrect
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Fig. 10 Comparison of calculated center line decays withi
different formulations for the eddy viscosity.

stretching of the axial coordinate, whereas formulations (C)
and (D) agree with the experimental data when the constants;
K% in Eq. (33) and Kz in Eq. (35) are given as in formulations
(C) and (D). The predicted centerline concentration decay
of x~2 obtained by using formulation (C) in the solution of
Ref. 4 was also compared to the experimental data of five
different test series of H2

n' 13 where the Sct numbers differed
from unity. In all cases, formulation (C) agreed with the
experimental data when corrected by a multiplicative factor.
This indicates that the assumption of a Sct number equal
to one is valid for the determination of the concentration
decay.

Reference 21 applies formulations (A) and (B) in order to
determine the flow characteristics in the problem of the
turbulent wake. Depending on which formulation was used,
the results differed considerably; this discrepancy is also
noticed in Fig. 10. Both formulations give a remarkable
difference in the form of the decay.

The radial dependence of e and Dt can be investigated
through Eq. (6). Using Eq. (26) for the representation of
the velocity profile, and assuming constant density [as it was
the case for (A)], Eq. (6) can be integrated. The results of
the integration proved to be inaccurate since the exponential
form of Eq. (26) caused the radial profiles for the eddy vis-
cosity to diverge asymptotically. For this reason, Eq. (26)
was replaced by Forstall and Shapiro's cosine profile.1 This
profile gives asymptotically an incorrect description of the
velocity decay since the external velocity is reached where
r/ri/2 = 2, but the integral curves of Eq. (6) are well-behaved.
The results of a sample calculation for the dependence of
the eddy viscosity on the radial coordinate r are shown in
Fig. 11 (G series of Ref. 1 with ue = 45 fps and Uj = 90 fps).
The profiles e/e$_ = /(r/ri/2) were calculated for six different
x stations, x = 5, 6, 7, 8, 9, 10. It is seen in Fig. 11 that the
profiles are almost the same for all x stations, and e/e$_ de-
creases to approximately 0.8 where r/ri/2 = • 1. Between

.=. 1 and r/ri/z = 2, e/e$_ decreases eventually to zero.
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Fig. 11 Radial profiles of the eddy viscosity in low-speed
flows.
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Ill order to compare these results to PrandtPs formulation, the
mean values of €/e$_ for the cross section were evaluated from
Fig. 11. Figure 12 presents the centerline values e$_, the
mean values e, and e obtained from Prandtl's formulation.
The difference between e a'id e is about 100%. An adjust-
ment by a constant lactor is not possible in this case, since
the experimental data approach a constant value as x in-
creases, while e obtained from PrandtPs formulation ap-
proaches zero. This comparison confirms the results shown
in Fig. 10, that the axial coordinate is in error when PrandtPs
formulation is used in the transformation equation.

Figure 13 presents the $c* numbers along the centerline
for three different gases investigated in series II for H2,
series II for He, and series II for A. The values vary from
about 0.3 to 2.3 and show no dependence on the molecular
weight of the gas. Figure 14 shows the turbulent Lewis
number as a function of the mass concentration at the center-
line. The data obtained from Eq. (13) vary between 0.4
and 1.0 averaging to a value of about 0.7-0.8. Here again,
no dependence on the molecular weight could be observed.

An error analysis was performed for the case of A(X =
0.590) in Ref. 22. The error for the turbulent Z>,, Sct, Let,
and e along the centerline did not exceed ±15% of the mean
value obtained for these transport coefficients.

6. Conclusions

The conclusions to be drawn from the present analysis may
be stated as follows:

1) The form of the centerline decay of the mass concen-
tration in the mixing region of two coaxial jets is proportional
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to x~2 for all test conditions investigated. It is independent
of the molecular weight of the injected gas and is affected
neither by the variation of the static pressure observed in
the near zone of the jet, nor by the boundary layer on the
inner jet. Further experimental investigation is required to
substantiate whether this x~2 behavior in the concentration
is universal for coaxial compressible (high Mach number and
large density gradients) jets.

2) The length of the concentration potential core XQ was
found to be proportional to the square root of the mass flux
ratio A = pjUj/peue. The experiments indicated that the
length of the potential core is also influenced by the boundary
layer on the inner jet.

3) The radial concentration profiles become similar after
a short distance downstream from the potential core and can
be correlated by the mass flux parameter A.

4) No unique centerline decay for the velocity could be
observed. The velocity decays obtained in the present
experiments vary between x~l and x~*.

5) The radial velocity profiles exhibit similarity behavior
and can also be correlated by A; however, in some cases, this
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Fig. 13 Turbulent Schmidt number as a function of
centerline mass concentration.

Fig. 14 Turbulent Lewis number as a function of center-
line mass concentration.

correlation was handicapped by the inaccuracy of the meas-
urement.

6) An analysis of the radial variation of the eddy viscosity,
using the experimental data of Ref. 1, shows that e decreases
to 0.8 of the centerline value at the half boundary ri/2.

7) It is concluded from the experimental results that the
eddy viscosity as well as the turbulent diffusion coefficient
can be expressed as e ~ Dt ~ Kru2U$_, when the form of the
decay for both concentration and velocity is the same and
equal to x~2. If the velocity decay differs from x~2, Eqs.
(29) or (31) should be used to evaluate the eddy viscosity e.

8) The analysis of Ref. 4, when extended for arbitrary
Schmidt number with the eddy diffusivity developed herer
yields the correct concentration decay.

9) Turbulent diffusion coefficients determined from the
present experimental data are independent of the molecular
weight of the injected gas. They range from 0.3 to 0.6 ft2/
sec and are 103 times larger than the laminar predictions.
The turbulent viscosity pe varied between 3 X 10~4 and
3 X 10~3 lb-sec/ft2 for the present test data.

10) The turbulent Schmidt numbers and Lewis numbers
determined from the experiments ranged from 0.3 to 2.3 and
0.4 to 1.0, respectively. No dependence on the molecular
weight of the injected gas could be observed.

11) The deviation of the turbulent Schmidt number and
Lewis number from unity is considerable in several cases.
Therefore care must be exercised when solutions, which are
based on the assumption of these properties being equal to
unity, are used for the determination of the flow character-
istics in the mixing region.

12) Additional measurements are necessary in order to
clarify the variation of velocity decay in the mixing region.
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